-

_Z- 7 Dipartimento di Informatica

Universit a degli Studi di Verona

Rapporto di ricerca

Research report
March 2004

15/2004

An interaction calculus for
concurrent systems

Partially supported bmURST project RROTOCOLLO 2002
and theUniversit degli Studi di Verona )

Ugo Solitro

Questo rapporto e disponibile su Web all'indirizzo:
This report is available on the web at the address:
http://www.di.univr.it/report



Abstract

In this work we describe a simple calculus (called intemactalculus or* Cal-
culus for the representation of concurrent systems. In this #easyss collection of
expressions (processes) that share a working space; tmeputational behaviour
is determined by the interaction of processes.

The calculus is an attempt to describe concurrent systemselays of a “non
functional” calculus which is, in some sense, strictly rethwith the lambda-
calculus: computations are carried out by substitutions,irb our calculus they
are originated by a symmetric interaction between two esgiols, instead of the
functional application of an operator to its operand. I thay we lose some good
features of lambda calculus (the confluence property faante), but we gain the
capability of representing concurrency and mobility; hé same, we will discover
that functions can be nicely encoded in the calculus.

Keywords: concurrency, interaction, linear logic, functional cdicu



Introduction.

In this work we callconcurrent systerfor just asystema collection of expression
that represenprocessesharing a common environment; some of the processes
can interact together and, as a result of the interactiorgifjnthemselves and
their environment. A process itself can be a concurrentesystonsequently a
system is organized hierarchically in environments thaeHacal resources and
can communicate together by means of common devices.

As in w-calculus([MPW92, Mil93]) we would like to provide an simple and
powerfulmilieufor the study of concurrency, but here the focus is on theaat®n
instead of massage passing.

The basic engine of the calculus has been inspired by the wiatignal be-
haviour of proof-nets iinear logic[Gir87] and appears for the first time in [Sol89]
(later developed in [Sol90, SV93]). A similar calculus haeb presented in a pa-
per by Abramsky [Abr94] as an encoding of proofs of linearidpgn the other
hand in [BS94] Bellin and Scott show that linear logic proaincbe also en-
coded in a variant of the-calculus. But in the recent developments of our work
([PS00, PSB00]) we are mainly interested in the interagimtess instead of log-
ics; in this respect we took some inspirations comes froncthem [BB92] and
from a paper of Lafont [Laf97] where is presented a compomati system based
on interacting nets that is not strictly related with theidog

In this paper we first introduce a simple version of the calsutheBasic * Cal-
culusis an untyped calculus without explicit functional featureThen the lan-
guage is extended with a minimal functional apparatus iemi@achieve a faithful
and natural interpretation ofcalculus



ATOMS
c € Const x € Var

ceS z €S

PAIRS AND COUPLES

t1, 2 €S t1, ta €S
t1 -t €8S t1xty €S

ENVIRONMENTS and BNDING

t1, ..., tm €S (m > 0) x € Var, tes

{t1, ..., tm[} €S vr.t €S

Table 1: FORMATION RULES.

1 The Basic *Calculus.

A genericsystemis a collection (actually a multiset) of processes: elemgnt
structured and interacting processes. As a result of thigiraction, two processes
can produce other interactions or modify the environmenthich they stay.

1.1 The syntax.

Definition 1.1 (The Abstract Syntax of Basic *Calculus) Systemsare built in
Basic * Calculususing

e a denumerable satar of variables ranged ovetg, z1, . . .,

e a finite setConst = {0,1,¢} of constants,

e two binary constructors- (for pairs) and * (for couples,
e therestriction operatorv .,

e and the finitaryenvironmentconstructor{ [}.

Formally the sefS of expressions that represent systems, usually cédlieds is
inductively defined by the rules of Table 1.
In the concrete syntax parenthesis are allowed in order beesihve ambiguities.

We call(general) environmerdn expression like this

vry,.vxy. - v 4ty ..ty |} (env)
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with & > 0; It actually represent a collection @focesseg, ... together with
some declarationsz;. - - - of the variables that are local (bound, restricted) for
the environment. Sinc§1,..., ¢, [} is a multi-set the order of elements is not
relevant, but repetitions (if any) are important.

A system can be an general environment pracess namely

a pair ty-to thatis arigidly structured construction made up on sub-processes
a couple t; * to, where thesub-processes andt, are ready to interact;

or an atom,
that is a variable (whose role will be explained by the corapaoi rules) or
one of the constants:
e 1lis ano operation procesghat is the interaction with it does nothing;
e Ois aprocess killer if a process interacts with it will be destroyed;

e ¢ is a dead process, the outcome of an interaction with therkiito-
cess.

Example 1.1 The system described by the following term
ve.vy{ly, 0, zxz, y, x-z, Lxyl[}

represent a collection of five processes; three of them atesit the moment, but
x x z and1xy are ready to interact; in this case the variabdés not restricted and
it represents something external to the current envirortmen

Convention 1 A few agreement about notation could be helpful.
o We will usep, ¢, r, s, t as metavariables ranging over the set of terms.

e We will use boldface to represent generic lists of expressibence in-
steadey, . . . e, we can write writeg; also v#. {| £ [} will be a shorthand for
vry.vxy. - vxg. 4ty ..ty |}

e Since the idea of environment is naturally connected wighréstriction we
will often use a more compact notation for a generic envirentrike (env),
that is

};

moreover, adopting the convention on lists, we can wiig ¢ }.

{\ml,...,mk]tl,...,tn

e We agree that pairing and coupling operators associate enléfft and the
coupling operator has a lower priority.

e Finally, if I is a generic expression (not necessarily a term of*tGalcu-
lud), T'(x) means that the variable may occur inl".



The concept of free and bound occurence of variables is faretbas usual.

Definition 1.2 Letvar(t) the set of all variables that appear inc S.

An occurrence of a variable is boundin ¢ if and only ifit appears invz. t/
which is a subterm of; it is said to befree otherwise.

A term isclosedwhen all its variables are bound.

The Definition 1.2 can be refrased in an inductive way as shusva below.

Corollary 1.1
1. The set obound variablescan be defined by induction:
bv(z) = bv(0) = b\(1) = bv(e) = 0)
but-t') = bv(t xt') = bu(t) U by(t))
bv(vx.t) = {z} U bw(t)

{1, ..t }) = U bv(t;)

2. If no bound variable occur also free in a terithe set of free variables can
defined by

fv(t) = var(t) \ bv(t).
Thesubstitution is defined in the common way: sotift’ € S,
t[t'/x]

is the term obtained by the textual substitutiort’dbr every free occurrence of the
the variablex in ¢ with the obvious restrictions:

e no free variable become bound

e no bound variable become free

1.2 The computations.

We illustrate now the operational semantics which is defamed rewriting system.
As we have already stated, a system performs a computatiomelays of the
interaction between processes; there are essentially thinm of interaction:

e a process interacting with a variable is spread out in the@mwent where
that variable is defined;

e two structured processes (pairs) interact and produce etengentary inter-
actions.

e finally the interaction with a constant process;

The different forms of interaction are described by specifimputational rules,
but we also need a few rules that help us to get rid of the sylirtatations.
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1. renaming ifyd fot), vzt = vy ly/z]t
2. x-comm p*q = q*p

3. v-comm vr.vy.t = vy.vx.t

Table 2: SRUCTURAL RULES.

1.2.1 Structural rules.

Pure structural rulesare described in Table 2 and talk us about different ex-
pression that actually represent the same system. Theaalebe applied in a
direction way or in the other according to the direction @& tisplayed arrows: all
pure structural rules can be applied in both directions.

Remark 1.1 What do precisely do the pure structural rules?
1. The first rule is the common renaming.

2. The second one say that interaction is a commutative, Iyattne order of
interacting processes is not important.

3. The last one says that the order of successive restrigiont relevant.
Example 1.2

e v {lzyl —vz{zyl

o vr.vy{z,yl} =vy.ve.{z,yl}

Hereafter we forget the differences between terms that eatobverted using
pure structurally rules.

Definition 1.3

Thestructural equalityis the equivalence relation on terms generated by the
rules of Table 2.

More preciselyt, t' € S are structurally equal and write

t=t,

if there is a finite sequence of applications of pure struadtoule that transform
into¢'.

We will see that restriction is not-abstraction! A restricted variable is just a local varebl



(basic) ve. Tt «xx]  +— wva.T[t'/x]

(split) (p-q)x(r-s) +— px*xr,qgxs

(zero, one) Oxt+— ¢ txl—t

Table 3: NTERACTION RULES

Example 1.3

ve Az, ylt = vz {2yl
ve.vy Az, ylt =vy.va{z,ylt
ve.vy{lz,y,vxy} =vy.ve. {z,y,y*xf}

Remark 1.2 Structural equality can also be used to extend the languAgsume
that we want to introduce a new symhl as a shorthand of; writing M =t

we mean that the symball has been added to the language and the structural
equality is extended by means of the previous equation.

1.2.2 Computational rules.

The dynamic evolution of a system is described in*t@alculusby means of
theinteraction rules that are shown in Table 3.

Note that all the interaction rules have a direction: thisngethat they are not
reversible.

basic: this rule recall the3-conversion ofA-calculus but the restriction operator
does not disappear after the application of the rule!

split: an interaction between structured terms produces two sinneractions.

constants: these rule explain in formal terms the meaning of the congtam
cesses; there is no rule abaut

Definition 1.4 (Computation) We say that reducesto ¢/, and we writet — ¢ if
there is a finite sequence of application of interaction sutleat transform into ¢/
(modulostructural equality and its extensiof)s

Remark 1.3 In general the calculus is not confluentas show in the examples
below.

2Namely the essential equality that we will define later.



Example 1.4 (Non deterministic choice with constants)
The expression

{z,y]1-0%xx, 0-1xz, zxp-ql}

can reduce either td| p [}, or to { ¢ [} or to {| p, q [}, depending on how wghase)
rule. The sub-expressionsand ¢ are generic and, in particular, they could be
unreducible.

The expression above represent a process able to make a memdestic
choice.

Remark 1.4 In the previous example constants plays an essential rolg.ai
they really necessary? We could think about a calculus witbonstants, but they
turns out to be useful in many examples.

Remark 1.5 If we consider interactions lik8 x 1 which rule should be applied?
(zerg or (on@? We get quite different results! We think that it shoulddsspnable
associating different priorities to the rufgsbut we do not intend to discuss now
the question.

Example 1.5 Assume thap = p(z,y) andgq = q(z).
The system represented by {| z,y | p(z,y),z * y,z % g(x) [} can reduce as
follows

t=Az,ylpy),yxq) b= {z,y]play),qw) I};

but also:

t=A{lz,y]ple),y),q) *y [} — {z,y] plale(y)), q(y) [}

There is no rule that allows an explicit interaction betweenironments: a
term liket « {| '} cannot reduce unlegss a variable or a constant.

In principle an environment is a sort of closed world that cmicate with
outer space by means of interaction. But up to now we lack affeattive con-
trol on communication among environments: the followingraples show how a
“dangerous” behaviour can arise.

Example 1.6 (Capture!) A well known situation is when a free variable becomes
bound after a reduction:

{z]t) x 2z {ylel [} — Jz,y] )}

which can be avoided with a renaming so that the conditioruababstitution are
respected.

3In this work we assume thgbasic)rule has the highest priority.



1. (ghosts) {tel - {t]

2. (boundaries) {4E D — {1, {th = ¢
3. (useless names) if x ¢ fu(t), vr.t — t
4. (scope) it ¢ fo(t), {tved?L} = va{i7)

Table 4: $MI-STRUCTURAL RULES

Example 1.7 (Escape?)If we reduce the expressidhz | z, {|y] t(y) x x [} [} we
get{|z] t(y), {{y] [} [} wherey is no more bound! This is hardly acceptable.

How to get rid of these problems?
In the first case a simple renaming can solve the problem,dsuthé second
one we need something more.

1.2.3 Semi-structural rules

The semi-structural rulesdefined in Table 4, allow a better control of the en-
vironment$ and prevent disagreable situations like that describeckémiple 1.7.

Remark 1.6 The intuitive role of the semi-structural rules can be eagiktified.

1. Aghostprocess is just a placeholder of a dead process and can hastgle
be removed.

2. An environment with only one process is worthless if th&enmo binding
associated to it.

3. Itis possible to remove any useless restriction.

4. The boundary of an environment can be moved providedhbatdts of free
and bound variables are “preserved”.

In particular, the (scoping) rule can be used to solve thebfgm of Example 1.7:

{lele{ylty) xxt — Azyla i)zl — {zy]ty) ]}

Structural and semi-structural rules identify system #ratdifferent only be-
cause of the concrete syntax or non essential differences.

“This group of rules are in some sense halfway between stalctiles and interaction rules.
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Definition 1.5 (Essential equivalence)The essential equivalences the smallest
equivalence relation that extend structural equality ahd semi-structural rules
(interpreted as a relation on terms).

We say that two termist’ are essentially equivalentor simplyequivalen) and
write t = t/, if there is a finite sequence of terms

t=ty, t1, ..., th=t

such that for anyi < n, ¢, is obtain fromt¢; using a semi-structural rule or
viceversa.

Remark 1.7 The direction of arrows that appear in some of the rules inl@ab
has no practical effect in the essential equality, but itidddoe respected in any
reasonable reduction process.



x € Var x € Var MeA
reA (Ax.M) € A

MeA NeA
(MN) e A

Table 5;: THE A\-TERMS

2 Functions in*Calculus.

In this section we show how it is possible to describe fumdim *Calculus we
will be able to define a natural translation oftalculuswith a fewaddendao the
basic version of the calculus. The new features of the aadcatid capabilities in
controlling the communication and interaction betweeriremvnents.

2.1 The ndf translation of \-calculus

The setA of all A\-terms (well formed expression of-calculug is defined by the
formation rules of Table 5. Free and bound variables are e¢fimthe usual way:
so any occurrence of variabtein M € A become bound inx. M because of the
A-abstraction. The structural equality dnis defined only by means-conversion
(renamingof bound variables):\-terms that differ only by the name of bound
variables are considered (structurally) equal. The unmpraputational rule that
we consider here is the well knowhconversion

(M. M)N +— [N/z]M B)

A [-reduction can be represented*i@alculusas ann interaction between the
formal parameter and its corresponding actual parametertérm like\z. M the
)\ abstraction is similar to restriction because it binds thme of a variable, but
occurrence of the variable in the prefix\z is also the formal parameter of the
function that have to interact with its argument. We propmsencode the\-term
(actually a function\z.M as a system like

ve. {|z, M|}

(whereM is the translation ofif); and the application of the function to an actual
parametetV (redexof 3-conversion) can be represented by

ve. {x« N, M.
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It is possible now to apply the interaction rules*@alculusso that
ve |z« N, M} — va {| [N/z]M [} — {| [N/z]M][}

and the result seems exactly what we expect.

But unfortunately things do not work so easily!

Let us now formally define the understood (and simple-mipdeshslation. If
T € A its encodingp(T") as a term of* Calculuscan be inductively defined as
follows:

o if T'=xthenp(M) = z;

o if T'=Xx.Mtheng(T) = {z]z, p(M)

)
o if T'=(A\x.M)N thenp(T) = {lz]x*p(N), p(M) [}

The examples that follow will exhibit a few problems.

Example 2.1 TheA-termAz.x is translated byp in the following systemz. {| z, x [};
but if we do know how the expression is obtained, there ismgthat tell us which
occurrence of the variable represent the formal parameter and which is the body
of the function.

Example 2.2 Consider now the\-term (Az.M)y; its translation in*Calculusis
ve. {xxy,M[}

where the process « y is ready for interaction. There are al least two possible
reduction sequences

ve. {lzxy, Mt = ve {Mly/z] [} = {Mly/z] [} = Mly/z]

The first one achieve the desired result; but the second odeasly “wrong” in
the sense that it do not corresponddeeduction.

Example 2.3
The translation ¢ is not well defined since it cannot be applied to a general
A-term like M N'!

It is clear now thatp is not adequate: even if one could think to overcome the
difficulties shown in the Examples 2.1 and 2.2 by means a sm@enslation and
a weak notion of representability, the problem exhibiteBExample 2.3 seemingly
do not have a natural solution in the basic version@élculus

An acceptable solution can be achieved extentending tleeilloal as illustrate
below.
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2.2 Polarization.

First of all we allow thepolarization of variables. An occurrence of a variable
can be receive a positive or negative polarizatipnsitive occurrences represent
an output and negative ones standnput The same variable can have positive
and negative occurrences at the same time, and also neat@rences (that is
occurrences without polarization).

Definition 2.1 Formally, the language dfCalculuss extended with the following

two formation rules:
x € Var y € Var

(polarity)
x” €S yt €S

As regard to computations, beside to the basic interactilen we have also

ve 6« = v {1t /] (base)
va B¢ xat )} v {1t 2]} (base)

where
e the first rule is almost the original one,

e but the second one is a sort of negative rule since it saysatipairticular
interaction is forbidden!

Example 2.4 We have now a nice representation of the identity funckiorn:
{z]a™, 2t
where it is clear which role every occurrence of variablelays.
But polarization is useful in a more general way as the nextgte shows.

Example 2.5 (Non deterministic choice revisited)
Using the polarities we can describe a nice variant of thentekefined in the
Example 1.4 that give us a better control on the behaviouh@fcomputations:

{lz,y]1-0%xz, 0-Lxx, 2" xp-ql.
The new term can reduce either{{o [}, or to { ¢ [}, but not to{| p, ¢ |}
Example 2.6 A better translation of-term (Az.M )y could be
ve. oz *yT M}
because the only reduction allowed is how

vo. {27 xy" M — va {Mly/z] [} — {Mly/z] [} — Mly/a].
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2.3 Observables.

We are not able yet to get rid of the translation of generaliegion (see Exam-
ple 2.3). We have already observed that no device that abogeneral interaction
between environment; it is reasonable to think that soméeftbmponents can
be visible output of an environment so that we can interath thiem. The second
new feature we propose is related to the visibility of preessoutside side their
environment: we will prove that we can manage the most géoasa of functional

if reveal certain occurrences of a variable.

We have already pointed out that negative occurrences dfi@le in certain
circumstances can be considered as formal parametersn &ivenvironment we
decide that one negative occurrence of a bound variable eactessible from
outside the environment; we call these special occurrepalelic or observable

The language of Calculuscould be simply extended with the possibility of
marking as observable some terms of en environment: so aigem¥ironment
will be partitioned inpublic andprivate processes; but in this work we opt for less
general choice

Definition 2.2 The language dfCalculusis enriched with the new formation rule

x € Var peES

[zlp €S

all the conventions already stated are extend in a natural wa
An environment can now have the following general aspect:

[T1, .z {21,y zs byt = (2] [ 2, zs L, [}

where thex; represent the formal parameters thethe local variables and the
multiset of¢;, the body of the environmeht The relation withA-terms is quite
clear: ift is represented by the systemthe function\z. ¢ will be encoded by

[z]p.
Remark 2.1 The order of formal parameter (observable variables) is ianfant!

Remark 2.2 A less “innovative” (and more general) notation for the neindof
environment could be

{1,y o y@ey 21,0y 25| 1 ooy @y 5 by eyt |}
The environment is divided in two part separated by a sewmicol

e in the first part we have the ordered list of formal parameters

5Since we are dealing with functions, one can think that westaso to mark the output result;
actually it turns out that this is not necessary for the re@néation of\-terms.
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e and in the second part we find the (private) processes.

This more general setting will be discussed in the futurekwor

We have still to face the problem the encoding of a generdicgtipn. The
idea is that if a process (a function) can reduce to an expreske [z]¢, it should
be possible to apply it (using the interaction) to anothecpsst’.

Definition 2.3 If ¢, € S we canapplyt to ¢’ according to the following new rule:
t,t' €S
_ (weak interaction)
(t,t') €S

If ¢ is (or reduces to) a functional proceggt” the interaction is caused by the new
semi-structural rule

([2lt",¢) = {=]t'x27, "]} (apply)

Weak interaction is a sort of “waiting interaction” that dam activated the left
process reaches the necessary functional “state”. Ussmgxtended language we
can define useful processes.

Example 2.7 (Non deterministic choice, again!)The following functional term
Choose = [2]{|z]1-0%z,0-1xz, 2" % 2 [}

is a sort of general operator that makes non deterministimiads: it is easy to see
that (Choose, p - ¢) reduce eithep or ¢, but notp - g.

With these new devices we can easily represent functionsiraiparticular
some well known\-terms.

Example 2.8 Consider the translation of the constant combindior= A\xy.x
[K] = [z} [y}« [ -
If [M] = p and[N] = ¢ we have

[KMN] = (=l [y =" [ o) a)

(@pply) — vz {lzxq,(y{z" )}

(base) — va{([y{al.p) [}

(apply) — vz {vy{ly=p.qlt|

(base) — va{vy.{qlt]
(structurals) —* q = [M]

We have now the tools necessary to an acceptable encodixteoins.
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Definition 2.4 (\-Interpretation)
We define thénterpretation [-] : A — S of a A\-term in the* Calculusby
induction on the construction of &term:

[2] = =7
Pa.M] = [2][M]

[MN] = (IM], [N])

Lemma 2.1
(-conversion is representable fiCalculus namely
[(Azt)t'] — [t[t'/2]]
PROOF

[z )t ] = ([T [ED)
=2l ]2, [} — J2] [T/« — { [0/ B
— [T /2] = [t /1]

O
Definition 2.5 p reduces elementarilyo p’, and we will write
p—17,

when just one instance of an interaction rule is used.
An elementary stepf reduction is any finite sequence of application of rules
with the restriction that only one interaction rule has beaesed.

Lemma 2.2
Letp = [¢t] for atermt € A and assume that —; ¢
There is a’ € A such that

q=1[t] and t—t

PROOF The proof is quite easy.

Even so we observe is thatjf —; ¢ it is possible the semi-structural rule
(apply) could have been used more then once. Assume thatltberihg semi-
structural reduction of a sub-processpof

([zlrys) = Azlsxz™, rlt

and it is not involved in any interaction in the elementagpsi consideration.

A problem could arise if the unique interaction of the eletagnstep require
the substitution of displayed negative occurrence of thi@like x; but this is not
the case since we have assumed thiata correct translation of &term: hence a
conflict of this kind can be always solved by a renaming.
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The next theorem is an immediate consequence of the preldpumata.
Theorem 2.1 \-Representation)
1. Iftis al-term andt — ¢/, then[t] — [t']

2. Viceversa, assume= [t] andp — p'.
Then there is\-term¢’ such thatt’ = [p] and¢ — ¢'.

Using the capability of representing functidi€alculusinherits effortlessly
many useful tools from tha-calculus combinators, functional fixed-point oper-
ators, representations of numbers, ... In particular txé¢ eeample shows a term
that is an adaptation of a well know fixed point operatoiafalculus

Example 2.9 Let h = [z][y/{ly, (z,(x,y))[} and H = (h,h). Then for any
processp

H,p) [} — {p,{H,p)[}
In fact we have that

{H,p) [t = (R, 1)) [ = {[2]ly y, (@, (2, 9) [} h),p) I}
—1 { (W, hhou)) o) [ =1l ps (R, (hyp)) I}
—Alp, (h,{h,p)) [} ={lp, (H,p) [}

Conclusions.

The basic version of theCalculuspresented in this paper is extremely simple and
expressive enough. It provides an elementary frameworkhichwit is possible

to deal with concurrency and mobility, but, with some verggenable additions,
allows a natural treatment of functions; more the extendesdion of the* Calculus
enable also a good control of the interaction between emrriemt.

Anyway a lot of work have still to be done. We are planning towlthat the
calculus can be tailored in order to provide a meaningfuteggntation of logical
proofs (of linear logic proofs and others) in a non functiosetting; the problem
of a general type system based'@alculushas to be investigated and developed;
in particular the relation between this type system, thesital theory of types and
logical systems must be extensively studied.

We plan also to study a type system for th@alculusin which types play a
more relevant and active role in controlling computatiottsis conceivable that
in a future version of the calculus interactions are not sgaely defined inside a
system in an explicit way.

The role of substitution could be also discussed: in thegotedefinition of
the calculus the effect of a basic interaction is a sort opdoicasting” substitution
which sometimes is not desirable. Again an adequate typelsl de useful in
controlling also this aspect.
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