Box 13-2 PROPERTIES OF FOURIER TRANSFORMS
Representing a Function by a Fourier Series

Consider a completely arbitrary function f(8), defined in the interval 8 = —n 10 6 = 7. It
is possible to represent this function as an expansion in a series of functions with known
properties. Only certain sets of functions are suitable for such an expansion and, in the interval
— 7 to 7, sines and cosines together constitute such a set:
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where the index n runs through all positive integers. This expansion is called a Fourier series.
The coeflicients a, and a, are numbers determined by the propertics of f{0}.

As shown m Box 13-1, sines and cosines can be expressed in terms of complex exponentials.
Therefore, the Fourier scries just given can instead be written as
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where the indcx # now runs through both positive and negative values because these are
necessary to describe sines and cosines. The coetlicients b, can be found in a simplc way by
making use of the lollowing result.

For any two integers n and m,

J‘-n“ einﬂe—imﬂ do - J‘fﬂ ef(n—m}ﬂ = [1/!(” _ m)](c,i[n-m)n —e iln -m)n)

=[2/(n~m)sin(n —myr =0 ifn#m

=2 ifn=m

where the result for n = m can be proven by expanding the sine expression in a power serics.
Therefore, to find a particular b,,, one performs the integral
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Note that the integral is carried out over the entire range of ) over which () is defined.
It often is convenienl to be able to work with an arbitary range — L/2 to L/2 rather than
with —z to = This is accomplished by defining a new variable, x = L{}/2x, such that when
8 = r, then x = L/2, and when 6 = —nx, then x = — L/2. Incorporating this variable into the
above eguations, and using the fact that dx = (L/2r)d0, we obtain
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Fourler Transforms in One Dimension

The function f(x) is defined at all x, whereas the set of coclficients b, represents an infinite
array of numbers, which must be tabulated. Therefore, it is convenient to find an analog of



the Fourier series in which the coethicients b, are replaced by a function, and the summation
is replaced by an integral. This representation is called a Fourier transform when the interval
over which the function is defined extends from ~ oo to + oo,

We define a new continuous variable, S = 2zn/L, and a new continuous function g(S) =
Lb,. Using these, the equation for b, 18 transformed to
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in the limit as 1. — oo, The serics expansion for f(x) becomes
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To replace the sum by an integral, note that the interval AS corresponds to (2n/L)An from
the definition of S. But An =1 in the summation, and therefore cach increment dS in an
integral is equivalent to 2n/L in the sum. Thus,
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Equations A and B constitutc a pair of Fourier transforms that allow f{x) to be cal-
culated if g(S} is known, and vice versa. They are particularly interesting because the variables
x and S have opposite dimensions. For example, if x is distance, then S 1s reciprocal distance.

The factor of (1/2x) in equation B often is written instead as (1/\/_?2%%) in front of the integrals
in both equations A and B.

Fourier Transforms in Three Dimensions

Suppose the function f is now defined in a Cartesian coordinate sysiem with axes x, y,z. For
fixed y and z, the function f(x, y, z) can be expanded in a Fourier series in ¢2*°*, and the
Fourier transform becomes (by analogy to Equation A)
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This cxpresston, in turn, can be expanded in (he function ™% for fixed z, and finally as a
function of ¢*%+*. The resulting three-dimensional Fourier transform is
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If we use the vector S to represent the three variables S,, S,, and §,, and we use r to represent
x, y, and z, then the three-dimensional transform can be written very compactly as
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Similarly, the analog of Equation B becomes
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